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Abstract 
Gropp, H., Enumeration of regular graphs 100 years ago, Discrete Mathematics 101 (1992) 
73-85. 
Already in 1891 certain configurations were enumerated by the Dutch mathematician J. de 
Vries. These configurations correspond to small 3-regular and 4-regular graphs. In the same 
year the paper of Petersen on the theory of regular graphs was published. The work of J. de 
Vries is described below. The enumeration of 3-regular graphs with 10 vertices of 1966 is 
described; this was applied in chemistry and has been known as the first enumeration of these 
graphs until now. Some other examples of early results about configurations are mentioned, 
which were rediscovered much later in combinatorics. 
1. Regular graphs at about 1891 
1.1. Petersen and hti work 
The title of this paper may remind the reader of the famous paper Die Theorie 
der regufiiren graphs by Julius Petersen (1891) [16]. However, Petersen’s paper 
does not contain enumeration results about regular graphs. My aim is to describe 
here two papers of a Dutch mathematician of 1889 and 1891 which contain 
remarkable results in graph theory. First, however, I want to describe Petersen 
and his paper, and to refer the interested reader to 3 papers about Petersen’s life, 
work and publications ([4,13,15]). 
Petersen started working on his paper in October 1889. During the first months 
he collaborated with Sylvester, and even visited Sylvester in England in 
December 1889. He in particular, used Sylvester’s term ‘graph’ as a foreign word 
in his German text. In September 1890, Petersen finished his paper which was 
published in 1891 in Acta mathematics. This paper is said to be the first on graph 
theory in graph theoretic language. However, the first results related to graph 
theory go back to 1735 (Euler and the bridges of Konigsberg). 
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Although Petersen wrote about graphs in graph-theoretic language, he did not 
start graph theory as a theory in its own right. For example, it was another 45 
years before the first book in graph theory (by the Hungarian D. Kiinig [12]) was 
written. K&rig characterized Petersen’s paper as follows. 
[12, p. 1561 Diese Abhandlung von Petersen, an der such Sylvester 
beteiligt ist, ist sicherlich eine der bedeutendsten Arbeiten tiber 
Graphentheorie, scheint aber mehr als 25 Jahre lang fast ganzlich 
unbeachtet geblieben zu sein. 
This paper of Petersen to which also Sylvester contributed, is 
certainly one of the most important papers on graph theory. It 
seems, however, to have been nearly totally disregarded for more 
than 25 years. 
So, in spite of its importance, Petersen’s paper probably was not read very much. 
It took more than 25 years until it was known by the mathematicians of the time. 
1.2. Two papers of a Dutch mathematician 
In the same year 1891, on 18 April, the Dutch mathematician Jan de Vries sent 
a letter to the Italian Vittorio Martinetti, part of which was published in the 
Italian journal Rendiconti Circ. Mat. Palermo [18]; the English translation of the 
title of this paper is On planar configurations in which each point is incident with 
two lines. The paper contains the following result. 
En effectuant les trois transformations sur les cinq (122, 8,), les deux 
(9*, 63) et sur le systeme de deux (6*, 43), on trouve dix-neuf 
(152, 103) de caractere different. 
By using the three transformations for the five (122, 8,), the two 
(92, 63) and for the system of the two (6*, 43) one finds nineteen 
(15*, 103) of different character. 
The numbers 2, 5, and 19 in this statement correspond to the numbers of 
non-isomorphic connected cubic graphs on 6, 8, and 10 vertices, resp. It turns out 
that de Vries enumerated combinatorial structures (configurations) which are 
equivalent to these graphs. In [18], de Vries referred to a more detailed version in 
Dutch [17], submitted on 23 May 1989 (before Petersen started his work), 
published in the same year, and which may not have been read for more than 100 
years--at least not by the graph theorists. 
The papers of de Vries will be discussed in detail in Section 3. Since the results 
are expressed in the language of configurations, a short survey about these 
combinatorial structures is presented here. 
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2.1. A short introduction 
Definition 2.1. A configuration (v,, bk) is a finite incidence structure with the 
following properties: 
(1) There are u points nad b lines. 
(2) There are k points on each line and r lines through each point. 
(3) Two different lines intersect each other at most once and two different 
points are connected by a line at most once. 
This notation is chosen to correspond with Steiner systems S(2, k, v), which 
are those configurations in which any two different points are always connected. 
Configurations were among the oldest combinatorial structures, being defined 
by T. Reye in 1876. For further details concerning the history of configurations, 
see [9]. 
2.2. Results 
I can only give a short survey on the known results. The reader is referred to 
[6], which contains more references. It is easy to see that the following conditions 
are necessary for the existence of a configuration (v,, b,): 
(1) vr = bk, 
(2) v > r(k - 1) + 1. 
For k = 3, these conditions have been proven to be sufficient. For k = 4, this is 
probably true as well, however, there are only partial results. For k = 5, there is 
no configuration 22,, although the necessary conditions hold. Well-known 
examples for k = 6 and k = 7 where these conditions are not sufficient, are the 
affine and projective planes of order 6, which are the configuration (36-,, 426) and 
the symmetric configuration 437, resp. 
If the existence of a configuration with certain parameters has been proven, 
then the problem arises to enumerate all configurations with these parameters. 
For exact results and references, see [6]. For example, all symmetric configura- 
tions vg with 7 s v s 14 are known. The number of non-isomorphic configurations 
143 is 21399. Two examples of the exact numbers of nonsymmetric configurations 
are as follows: there are 574 configurations (12,, 163) and 787 configurations 
(146,283). 
Note also the paper [8] describing further relations between configurations and 
graphs, such as bipartite regular graphs, configuration graphs, blocking set 
graphs, or packings of complete graphs. 
2.3, Configurations in the papers of de Vries 
The most natural connection between configurations and graphs arises from the 
fact that r-regular graphs can be regarded as configurations (v,, b2), just by 
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calling the vertices of the graph ‘points’ and the edges ‘lines’. In the sense, the 
theory of configurations with k = 2 is the theory of regular graphs. The existence 
of these graphs is obvious. The enumeration of regular graphs is no easier in the 
language of configurations than in graph-theoretic language. 
But configurations are older than graphs! Thus it is conceivable that in the 2 
papers of de Vries ([17-18]), enumeration results on structures equivalent to 
regular graphs were obtained at the time when the ‘first’ paper in graph language 
with fundamental results on graphs appeared. 
In order to make the papers of de Vries better understandable, I shall translate 
his methods and results into graph-theoretic language as follows. De Vries 
considered configurations (v,, bk) with r = 2 and 6 c u (compare the title of his 
paper waarin elk punt met twee lijnen incident is, or in English in which each point 
is incident with two lines), the duals of configurations in the sense of the above 
definition. The ‘natural’ interpretation of points and lines yields the dual of a 
regular graph as incidence structure. 
However, de Vries took his lines as base elements and denoted them by single 
letters 1,2, . . . , b, whereas he regarded points as intersections of lines. For 
example, if the lines 3 and 5 intersect, this intersection point is called 35. By 
interpreting lines as ‘vertices’ and points as ‘edges’ we get the usual concept of a 
graph. This double dualization is used in the following section in the explanation 
of the papers of de Vries. 
As before, I shall present some important parts of his papers in the original 
language and add a translation into English. Of course, this can be seen as an 
invitation to have a look at the original papers themselves. 
2.4. The recursive method of Martinetti (1887) 
Before discussing these papers I shall introduce one important early contributor 
to configuration theory, especially because of the similarity of his methods to 
those of Jan de Vries. This mathematician was Vittorio Martinetti, to whom the 
letter of de Vries of 18 April, 1891, was addressed. Vittorio Martinetti was born 
in Scorzalo near Mantova on 11 August, 1859, and died in Milan0 on 2 
November, 1936. He became professor at the University of Messina (Sicily) in 
1887. In that year he wrote an important paper [14] about configurations n3, in 
which he developed a recursive construction method which is still used 100 years 
later. In his paper, Martinetti used his method to construct all 31 configurations 
113. All the recent results concerning configurations 123, 133, 143 were obtained 
by using this old method (see [5]). 
Martinetti proved the following. Apart from a few so-called irreducible 
configurations n3 (2 infinite series and 3 sporadic ones which he determined) all 
configurations n3 can be constructed by a certain method if all configurations 
(n - 1)3 are known. 
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De Vries and Martinetti were members of the Circolo Matematico di Palermo, 
an important mathematical society at the time which supported also the 
communication of Italian and foreign mathematicians. 
2.5. Regular graphs or configurations ? 
The question how to describe old mathematical results is very important. 
Sometimes it is usual to describe even infinite mathematical structures like the 
Kummer surface as a finite biplane (16,6,2) which is equivalent to the incidence 
structure obtained by certain points and planes of the surface. 
However, a r-regular graph with v vertices and b edges is (not only: is 
equivalent to) a configuration (v,, b2) (compare Definition 2.1; just say line 
instead of edge and point instead of vertex). At the end of the last century several 
small configurations were enumerated. In the contex of configurations de Vries’ 
results are quite normal for his period. The historically most important aspect of 
his papers is their graph-theoretical relevance. 
3. The papers of de Vries 
As already mentioned de Vries’ papers are discussed here in graph-theoretical 
language although, of course, the word ‘graph’ occurs nowhere in the original 
papers. De Vries only uses the language of configurations. 
3.1. A short biography 
The following short description of the life of Jan de Vries is based on the 
Levensbericht (obituary) by Van der Woude [19] which was written after his 
death in 1940. 
Jan de Vries was born in Amsterdam on 1 March 1858. After attending schools 
in Amsterdam and Dusseldorf, he studied in Amsterdam from 1876 to 1880. The 
title of his proefschrift (thesis) was Over Bolsystemen (On systems of spheres). He 
was a teacher on mathematics in Kampen from 1880 to 1892, then in Haarlem 
from 1892 to 1894, and in Delft (Polytechnische Hoogeschool) from 1894 to 1897. 
In 1897 he became Professor of Geometry in Utrecht. After his retirement in 
1928 he lived in Utrecht until his death on 3 May 1940. 
3.2. First results about cubic graphs 
The first section of de Vries’ paper contains some general results about 
configurations ‘in which each point is incident with two lines’. I shall describe his 
paper in graph-theoretic notation. 
De Vries distinguishes two kinds of r-regular graphs. If r is odd, r-regular 
graphs exist only for an even number of vertices, whereas for even r all numbers 
of vertices are possible. He observes that in both cases it is possible to add further 
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edges in order to obtain a complete graph (in the terminology of de Vries ‘eene 
volledige n-zijde’). This implies the definition of the complement of a configura- 
tion (or regular graph). 
[17, p. 3831 Twee cf., welke elkander tot eene volledige veelzijde 
aanvullen, zullen elkanders complement genoemd worden. 
Two configurations which complement each other to a complete 
multilateral shall be called complements of each other. 
As an example, he mentions that there are altogether five 7-regular graphs with 
10 vertices-the complements of the following graphs: a decagon, the unions of a 
triangle and a heptagon, a quadrangle and a hexagon, of pentagons, and 2 
triangles and a quadrangle. 
In Section 2 of this paper de Vries determines the smallest cubic graphs, the 
unique cubic graph with 4 vertices (the complete graph K,) and the 2 
non-isomorphic cubic graphs with 6 vertices (as complements of the two 2-regular 
graphs with 6 vertices as described above). 
In order to construct all cubic graphs with 8 vertices, 10 vertices, and so on, de 
Vries develops a general recursive construction method. 
3.3. Transformations of cubic graphs 
In Section 3 de Vries introduces transformations which allow him to construct 
bigger graphs from smaller ones. 
[17, p. 3871 Uit het voorgaande blijkt nu, dat de verschillende 
(3n2, 2n3) door middel van drie vervormingen kunnen bepaald 
worden, zoodra men de overeenkomstige cf. met twee en vier lijnen 
minder kent . 
From the above, it follows that the different (3n2, 2n3) can be 
determined by means of three transformations, if one knows the 
corresponding configurations with two and four lines less. 
This sentence describes the main part of his paper. By using the 3 transformations 
(vervormingen) (Y, t, and 6 he obtains the following result. 
Theorem 3.1. Zf all cubic graphs with 2(n - 1) and 2(n - 2) vertices are known, 
then all cubic graphs with 2n vertices can be constructed recursively using the 
transformations LX, z, and 6. 
In the following, these 3 transformations are described in graph-theoretic 
notation (i.e. ‘lijnen’ I are represented by vertices and ‘punten’ lm by edges 
between I and m). New vertices are denoted by 0 instead of l . All removed or 
added edges are labeled with *. 
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a(&, ef) (‘atrigonische vervorming’): Remove the nonadjacent edges cd, ef 
and add as new edges ab, ac, ad, be, bf where a and b are 2 new vertices. The 
edge ab is not on a triangle. 
C xx d ; --) +d, 4) 
z(a) (‘trigonische vervorming’): Remove the edges 
ac, ad, cd, cg, dh where c and d are 2 new vertices. 
triangle. 
ag, ah and add as new edges 
The edge cd is on exactly one 
6(bi) (‘ditrigonische vervorming’): Remove the edge bi and add as new edges ab, 
ac, ad, cd, cg, dg, gi where a, c, d, g are 4 new vertices. The edge cd belongs to 
two triangles. 
d 
The transformations (Y and r yield cubic graphs on u + 2 vertices and S yields a 
graph on 21 + 4 vertices, if the original graph had v vertices. 
3.4. Cubic graphs with 8 and 18 vertices 
In Sections 4-7 de Vries uses the method described above to construct all 
configurations (122, 8,) and (152, 10,) ( or equivalently all 3-regular graphs with 8 
and 10 vertices). 
He obtains the following result for 8 vertices. 
Theorem 3.2. There are altogether 5 different (122, &). 
On page 391 he denotes them by the letters from A to E and determines for 
each of them the ‘soorten van lijnen’ and the ‘soorten van punten’, i.e. the 
number of line and point orbits resp. 
For 10 vertices de Vries finds the following result. 
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Theorem 3.3. There are altogether 18 different configurations (15*, 103). 
Again he denotes the configurations by letters from A to R and gives the 
number of point and line orbits. However, there is one solution which he has not 
found. In his French paper [18] of 1891 he remarks the following. 
[18, p. 2251. . . par une inadvertence j’y ai oublie la dix-neuvieme 
cf. que l’on obtient des deux quadrilateres 1234 et 5678 en y 
ajoutant les droites 9 et 0, tandis qu’on remplace les points 34, 78 
par les points nouveaux 39, 49, 70, 80, 90. 
. . . by an inadvertence I forgot the nineteenth configuration which 
is obtained from the two quadrilaterals 1234 and 5678 by adding the 
lines 9 and 0, if one replaces the points 34 and 78 by the new points 
39, 49, 70, 80, 90. 
There is no further comment on having forgotten this certain configuration. In 
fact, this error happened because de Vries did not accept disconnected configura- 
tions. The forgotten cubic graphs is the so-called bridge graph which is 
transformed into the disconnected cubic graph K, U K4 by the inverse of the 
transformation (Y. However, this disconnected graph is not contained in the list of 
5 graphs with 8 vertices. 
The following table is Table 13 on page 395 in original notation. 
15 24 35 24 15 26 17 38 19 03 
17 25 38 48 25 67 67 48 49 06 
19 26 03 49 35 06 78 78 09 09 
It describes the configuration which corresponds to the Petersen graph. De 
Vries characterizes it as follows. 
[17, p. 3951 Alle punten dezer cf. zijn dipentagonisch, alle lijnen 
tripentagonisch. De cf. kan op drie wijzen beschouwd worden als 
het samenstel van twee vijfhoeken, zoodat de l”“, 2de 3dc, 4dr, gdc 
zijde van den eenen vijfhoek verbonden is met de 1”‘“,‘3”“, 5de, 2dc, 
qd’ zijde des anderen; een dezer paren van vijfhoeken wordt 
gevormdt door 19487 en 53062. Wegens de gelijkwaardigheid der 
punten kan de cf. uit geene andere (122, 8,) afgeleid worden. 
All points of this configuration are dipentagonical, all lines are 
tripentagonical. The configuration can be regarded as the combina- 
tion of two pentagons in three ways such that the l”‘, 2nd, 3rd, 4’h, 5’h 
side of one pentagon is connected with the l”‘, 3rd, 5th, 2”“, 4’h side 
of the other one; one of these pairs of pentagons is formed by 19487 
and 53062. Because of the homogeneity of points the configurations 
cannot be deduced from any other (122, B3). 
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I think, I need not comment these remarks. Everybody will realize the 
well-known properties of the Petersen graph. I should recall again that this paper 
of de Vries was written in 1889, two years before Petersen’s paper. However, 
there is no drawing at all in the paper. 
This, however, is not the earliest known occurrence of the Petersen graph in 
literature. A few years earlier a drawing of the Petersen graph appeared in A.B. 
Kempe’s paper [ll, p. 111 of 1886. 
3.5. 4-Regular graphs 
In Sections 8-10 of his paper J. de Vries deals with configurations correspond- 
ing to 4-regular graphs. Again by regarding the complementary graphs (similar as 
for cubic graphs) de Vries determines the numbers of 4-regular graphs on 5, 6, 
and 7 vertices. For example, he says: 
[17, p. 4031 Daar het complement eener (142, 74) een zevenhoek of 
het samenstel van een driehoek en een vierhoek is, zijn er twee 
verschillende cf. (14*, 74). 
Since the complement of a (14,, 74) is a heptagon or the combina- 
tion of a triangle and a quadrangle there are two different 
configurations (14,, 74). 
De Vries solves the problem of determining all 4-regular graphs on 8 vertices 
by using his result of cubic graphs on 8 vertices. 
[17, p. 4041 De cf. (162, 8,) hebben tot complement eene (12*, 8,) A, 
B, C, D, E of het samenstel van twee (62, 43)_ 
The configurations (162, g4) have as complement a (12*, 8,) A, B, C, 
D, E or the combination of two (6,, 43). 
In this case he has to add the union of 2 complete graphs K4 since he does not 
include this disconnected graph in his list of solutions for the cubic graphs. 
The case of 8 vertices is the last one where de Vries can apply the method of 
considering complementary graphs. 
[17, p. 4061 De cf. (18*, 94) kunnen niet met behulp van hunne 
complementen gevonden worden, daar deze ook (1g2, 94) zijn. Er 
dient dus eene vervorming bedacht te worden, welke op de 
verschillende ( 162, 8,) toegepast , de verschillende ( 1g2, 94) doet 
kennen. 
The configurations (1g2, 94) cannot be found with the help of their 
complements since these are also (l&, 94). Thus a transformation 
must be thought of which yields the different (18*, 94) by applying it 
to the different (162, 8,). 
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Thus he thinks about another recursive method for 4-regular graphs similar to 
the one for cubic graphs. He succeeds in finding the following theorem. 
Theorem 3.4. If all 4-regular graphs with n - 1 and n - 5 vertices are known, then 
all 4-regular graphs with n vertices can be constructed recursively (n 2 10). 
His result is quite good. However, because of the condition n 2 10 he cannot 
apply his method in any case. For n = 9 this is not possible since n is too small, 
for n = 10 he needs the result for n - 1 = 9, and so on. This is the somehow sad 
end of a remarkable paper. There is no comment of de Vries on the impossibility 
of applying his new method, neither in the Dutch nor in the French version [18]. 
4. A problem in chemistry 
In 1966 the chemist A.T. Balaban in Bucuresti was interested in the numbers 
and formulas of all possible valence-isomers of the chemical compound cyclo- 
polyenes CznHzn. He translated his problem into graph-theoretic language as 
follows. 
[l, p. 10991 Topologically, the problem consists in finding out the 
possible ways of connecting 2p CH groups by single bonds, or by 
single and double bonds, so that each CH group has a ‘connectivity’ 
of 3 (three single bonds or a single and a double bond). 
The analogous problem in the theory of graphs has not been solved, 
to our knowledge, ** namely: how many different regular multi- 
graphs of order 2p and local degree 3 are possible? . . . 
A simpler problem in the theory of graphs, included in the general 
one above, is to find out only valence-isomers of class K~, namely: 
to find out all topologically different ways of connecting 2p 
equivalent points so that each point is connected to three other 
points. Neither is this problem solved; it involves graphs, not 
multigraphs like the preceding problem. 
This is one of the not so common examples of a good cooperation between 
chemists and graph theorists. Although there are a lot of roots of early graph 
theory in chemistry, today the gap between these two sciences seems to be very 
big. However, not only that Balaban realized that his chemical problem was in 
fact a graph theoretical one. He also knew whom he should ask for a solution. 
The asterisks (**) refer to a footnote with thanks to e.g. Read, Ore, Harary. Also 
books by Ore and Berge and papers by Lederberg and Read are mentioned. He 
had to conclude that even the restricted problem where no multiple bonds (edges) 
were allowed, was unsolved in graph theory. 
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In fact nobody in graph theory at that time seems to have known about the 
papers of de Vries mentioned above. At least, I have not seen any hint about this 
paper in graph-theoretical context. Maybe this paper has not been read for a long 
time. 
Balaban solved the ‘unsolved’ problem in 1966/67 [l] by using a computer. 
Apart from a lot of other results he determined the number of non-isomorphic 
connected cubic graphs on 10 vertices to be 20; in an erratum paper he corrected 
it to 19 by telling that he had overlooked the isomorphism of two of his solutions. 
A few years later Imrich [lo] in Wien obtained the same result without using a 
computer by classifying the graphs according to the number of triangles contained 
in them. 
Also the problem of counting the connected cubic graphs on 12 vertices was 
solved by Balaban. He determined exactly 85 graphs by using an inductive 
method for chemical compounds comparable to that of de Vries in 1889. 
5. Further results on configurations 
In this last section I want to describe situations which are similar to the one 
mentioned above in the sense that results about configurations have been 
obtained a long time before the corresponding results about graphs or designs 
were developed. 
5.1. Cubic bipartite graphs 
The following is explained in more detail in [5] and is thus described here only 
very briefly. In 1981 M.N. Ellingham enumerated all cubic bipartite graphs with 
girth 36 on 20 and 22 vertices. This is nearly equivalent to the result about 
symmetric configurations lo3 and 113 obtained by Martinetti [14] in 1887, i.e., 94 
years earlier. 
5.2. Steiner systems S(2, 4, 25) 
The results of this and the next subsection have not been described anywhere 
else. However, I want to give only a short survey and hope to write a more 
detailed paper later. The old results are due to another Dutch mathematician, 
Johan Anthony Barrau (1873-1953), who in 1908 constructed a configuration 
(25*, 504) (see [3]) h’ h w ic is equivalent to a Steiner system S(2, 4, 25). Such a 
system has ‘officially’ been constructed for the first time in 1939 by R.C. Bose. 
However, the Bose system is not isomorphic to the one constructed by Barrau. 
This one was rediscovered only in 1975 indirectly as the derivation of a Steiner 
system S(3, 5, 26) (D enniston, Hanani), i.e. 67 years later. 
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5.3. Configurations (12,, 164 
In his proefschrift (thesis) in 1907 [2] Barrau gave a very good survey on 
configurations. It also contains 6 non-isomorphic configurations (124, 163). All 
papers on these configurations (including my own, [7]) do not mention these 6 
structures. Until 1954 only 5 such configurations were constructed (apart from the 
Barrau examples). Hence this is a difference of 47 years. 
5.4. Conclusion 
These examples are given here in order to show that the facts mentioned in the 
main part of my paper are not unique. The results in graph-theoretic language 
were obtained much later than they were known in configuration theory. 
However, the papers of de Vries can be viewed as an important contribution and 
should become known to many graph theorists. 
The question arises why probably nobody in graph theory knew about these 
papers. Of course, at the time of de Vries there were no graph theorists. When 
graph theory started its existence as a theory of its own, the knowledge on 
configurations was very low (compare [9]). I think that nobody in graph theory 
knew about the connection between configurations and graphs. Even if this had 
been known, there was the problem where to look for these old results. The 
papers of de Vries are not even mentioned in the German and French 
encyclopedias of mathematics of about 1910 which in general are a good 
reference for early results about configurations (see [9]). However, the papers of 
de Vries have been reviewed in Fortschritte der Mathematik which should have 
created a broader knowledge of its contents. 
Finally, it seems to be clear that further research in the history of configura- 
tions can yield further important facts about these early times of combinatorics 
where a lot of new concepts were introduced like e.g. triple systems, Hadamard 
matrices or biplanes (as spatial configurations). It is also interesting to note that 
mathematicians in several parts of Europe participated in the research of 
configurations, mainly in Germany, Italy, the Netherlands and Czechoslovakia. 
However, it is quite possible that there are still other yet unknown mathe- 
maticians and their papers which contributed to configuration theory, apart from 
the 2 papers of de Vries. 
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